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Using the density matrix renormalization group method, we evaluate the spin and charge gaps of
alkaline-earth fermionic atoms in a periodic one-dimensional optical superlattice. The number of delocal-
ized atoms is equal to the lattice size and we consider an antiferromagnetic coupling between delocalized
and localized atoms. We found a quantum phase transition from a Kondo insulator spin liquid state
without conﬁning potential to a charge-gapped antiferromagnetic state with nonzero potential. For each
on-site coupling, there is a critical potential point for which the spin gap vanishes and its value increases
linearly with the local interaction.
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The development of trapping and cooling techniques has al-
lowed obtaining and controlling bosonic and fermionic degenerate
gases, which become the ultracold atoms area in a new experi-
mental source of results for condensed matter physics [1,2], for
instance the experimental observation of quantum phase transi-
tions such as the metal-to-insulator transition in fermionic systems
[3,4] and the Mott insulator to superﬂuid transition in systems
with bosonic atoms [5].
In recent years, Fukuhara et al. [6] obtained a degenerate Fermi
gas of 173Yb atoms, using the evaporative cooling technique and a
crossed optical dipole trap. These alkaline-earth atoms are special,
because they have a closed-shell electronic structure in the ground
state and an ultranarrow transition of 1S0–3P0, which enables ex-
perimentalists to detect small energy differences.
It was recently proposed that the atoms in 1S0 (g) and 3P0 (e)
states can be conﬁned independently in two different optical lat-
tice potentials with the same periodicity [7,8]. In this system, the
collisions do not cause spin changes, because at low temperatures
the scattering lengths for the states |ee〉, |gg〉, and 12 (|eg〉 + |ge〉)
are independent of the nuclear spins. Based on the above propos-
als, and stimulated by studying the interplay between orbital and
spin degrees of freedom, Gorshkov et al. [9] showed that using
alkaline-earth atoms conﬁned in an optical lattice it is possible to
implement the Kugel–Khomskii model [10], SU(N) Hubbard chains
[11] and the Kondo lattice model [12,13]. The latter can be ob-
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account through a unit-ﬁlling constraint such that they are local-
ized.
Free g atoms conﬁned in a harmonic potential and interacting
with localized e atoms were studied by Foss-Feig et al. [14,15] in
1D and 2D, using mean ﬁeld theory with a local density approx-
imation. They modeled the system with the Kondo lattice model
plus a quadratic potential term and observed that metallic regions
and Kondo insulator domains with one g atom at each site coex-
ist. A beyond mean ﬁeld study of the 1D case was made by one
of us, obtaining metallic regions and the state diagram for both
ferromagnetic and antiferromagnetic couplings [16].
This year, the link between the entanglement and the ground
state of alkaline-earth fermionic atoms conﬁned in harmonic traps
was studied. It was shown that the local von Neumann entropy
is constant at the Kondo insulator domains and that there is an
one-to-one correspondence between the local von Neumann en-
tropy and the variance of the particle density, which can be used
to measure the entanglement in experiments [17].
The progress in the trapping technique allows the experimen-
talist to conﬁne bosonic and fermionic atoms in different kinds of
potentials: harmonic, superlattice, and anharmonic [18–20]. These
potentials can lead to obtaining new quantum states and/or very
rich phase diagrams [21–23]. For instance, Paredes et al. [24] used
an Anderson lattice model in which impurities interact with each
other through a discretized set of delocalized levels to describe
fermionic atoms in an optical superlattice. They found that the
Kondo effect can dominate over magnetism depending on the par-
ity of the number of particles per discretized set.
In this Letter, we analyze alkaline-earth atoms conﬁned in
an one-dimensional optical superlattice i.e.: the free g atoms
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the e atoms through a Heisenberg type term.
This Letter is organized as follows: In Section 2, we explain
our Hamiltonian model. Results for antiferromagnetic coupling are
shown in Section 3. Finally, in Section 4, we summarize our results.
2. Model
Alkaline-earth atoms conﬁned in an one-dimensional optical
superlattice are modeled by the Kondo lattice model plus a super-
lattice potential, which acts on delocalized atoms only. The Hamil-
tonian of this system is given by
H = −t
∑
iσ
(
c†i,σ ci+1,σ + h.c.
)+
∑
i
V ini + J
∑
i
Sic · Si f , (1)
where c†iσ creates an atom at site i in the electronic state
1S0,
and (nuclear) spin state σ = ↑ or ↓ and ni = ni↑ + ni↓ is the local
density operator of delocalized atoms. In the Hamiltonian (1), Si f
is a localized spin 12 operator, and Sic = 12
∑
αβ c
†
i,ασαβci,β is the
delocalized atom spin-density operator, where σ is the vector of
2× 2 Pauli matrices.
The ﬁrst and the third terms of our Hamiltonian represent the
kinetic energy of delocalized atoms and the local Heisenberg in-
teraction between localized atoms and the delocalized ones, re-
spectively. These terms together form the so-called Kondo lattice
Hamiltonian, which has a very rich physics and has been widely
studied [12,13].
The second term in the Hamiltonian (1) represents the one-
dimensional optical superlattice potential, which can be obtained
through the superposition of two optical lattices of different fre-
quencies. In our case, we consider an optical superlattice with the
frequency of one optical lattice being double that of the other; this
leads to a unit cell composed of two adjacent sites. The optical
superlattice potential is determined by the parameter V i , which
denotes the shift in the energy levels for each site and has the
value V = Vi for odd sites and V = 0 for even sites.
To ﬁnd the ground state properties of the Hamiltonian (1), we
set the hopping integral t = 1 and adopt the density matrix renor-
malization group method [25]. We consider lattice sizes up to
L = 120, open boundary conditions, and we obtain a discarded
weight around 10−8 or less, when m = 400 states per block are
maintained.
3. Results
The effect of the superlattice potential in one-dimensional in-
teracting systems has been studied by many authors during the
last decades [21,26,27]. This kind of potential leads to very rich
phase diagrams, where gapped and gapless states appear easily
[28–30]. In our system, the superlattice potential affects only the
delocalized atoms, and this will generate a redistribution of the
charge in the system, changing the ground state as the strength
potential increases.
In this Letter, we consider a local antiferromagnetic coupling
between the localized and delocalized atoms, and we analyze the
case when the number of delocalized atoms matches the lattice
size. Without superlattice potential (Vi = 0 ∀i), this system has a
ﬁnite charge and spin gaps for any value of the coupling. The spin
gap is obtained from the difference of the ground-state energies in
the subspace of total Sz being zero and one with the same total
electron number L,
s = Eg
(
Sz = 1,N = L)− Eg
(
Sz = 0,N = L), (2)
where Eg is the ground state energy. The charge gap is given byFig. 1. Charge (a) and spin (b) gaps of alkaline-earth fermionic atoms in a superlat-
tice potential of strength V = 4 for different lattice size. Here the local coupling is
J = 5.
s = Eg
(
Sz = 0,N = L + 2)− Eg
(
Sz = 0,N = L). (3)
The superlattice potential causes a redistribution of the charge in
the system, which changes the ground state and the values of the
charge and spin gaps. We use these quantities to study the ground
state as the strength of the superlattice increases.
In Fig. 1, we show the spin and charge gaps for different lattice
sizes of alkaline-earth fermionic atoms in a superlattice potential
of strength V = 4. The antiferromagnetic coupling is constant and
equal to J = 5. We determined that the charge gap decreases as
the lattice size increases; however, for larger sizes this behavior is
slow, indicating that at the thermodynamic limit this quantity can
be ﬁnite (see Fig. 1(a)). To determine the thermodynamic limit of
the charge gap, we ﬁt the curve to the following expression:
(L) = (∞) + α
L
+ β
L2
, (4)
where α and β are constants. We found that the value of α for
these parameters is very small and the expression (4) matches one
used by Shibata [31] to ﬁnd the charge and spin gaps of the Kondo
lattice model with a Coulomb coupling. By adjusting the curve in
Fig. 1(a) to the expression (4), we obtain that the charge gap in the
thermodynamic limit is c( J = 5, V = 4) = 7.5624.
The spin gap versus 1/L is shown in Fig. 1(b); we observe
that this will be ﬁnite at the thermodynamic limit, and its value
is s( J = 5, V = 4) = 2.7668, which was obtained using the ex-
pression (4). The above results tell us that the ground state of
alkaline-earth atoms with local coupling J = 5, in an optical su-
perlattice potential of strength V = 4, is a Kondo insulator state
characterized by ﬁnite charge and spin gaps. For these parameters,
the charge redistribution is small and the ground state is com-
posed of spin singlets at each site.
The thermodynamic limit of the spin and charge gaps as a
function of the strength of the optical superlattice potential are
shown in Fig. 2. Here the antiferromagnetic coupling is ﬁxed to
J = 5. Due to the charge redistribution, the charge gap increases
with V , which is an expected result because the local barriers are
higher and the delocalized atoms have more diﬃculty moving (see
Fig. 2(a)). The charge gap increases slowly from c( J = 5, V = 0) =
5.6956; however it changes its behavior near V = 8, from which
the charge gap increases almost linearly.
In Fig. 2(b), we can see that the spin gap decreases as
the strength of the optical potential increases; this behavior is
monotonous and the ground state is composed of increasingly less
entangled singlets, due to the charge redistribution. The spin gap
vanishes at Vc = 8.0 ± 0.1; this value agrees with the change in
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atoms in a superlattice potential as a function of the strength. Here the local cou-
pling is J = 5.
Fig. 3. Thermodynamic limit spin gap of alkaline-earth fermionic atoms in a super-
lattice potential as a function of the strength. Here three different values of the local
coupling are considered J = 3,5 and 7.
the charge gap curve. We conclude that the system suffers a quan-
tum phase transition at the above point: the system goes from a
Kondo insulator phase with ﬁnite charge and spin gaps to an an-
tiferromagnetic insulator phase with only a charge gap. The latter
phase is characterized by non-local coupling and a superlattice or-
dering of the charge, with a site doubly occupied and the neighbor
site empty when the strength is that high.
Fig. 3 displays the spin gap versus the strength potential for
three different values of the local coupling. For J = 3, we note
that the spin gap decreases from s( J = 3, V = 0) = 1.7633, which
coincides with the ﬁndings of Tsunetsugu et al. [32] and Shibata et
al. [31]. We observed that for a ﬁxed strength potential the spin
gap increases with the local coupling, which reﬂects the growth
of the local entanglement and which was previously discussed by
Tsunetsugu et al. [32] for the Kondo lattice model. The behavior
of the spin gap is the same for any value of the local coupling; it
decreases and vanishes at a certain strength value, which depends
on the local coupling, i.e. for a different local coupling there will
be a different transition point.
We also obtain that the behavior of the charge gap as a function
of the strength is the same for any value of the local coupling,
i.e. it increases slowly before the critical point, and almost linearly
after the critical point.
We observe that the on-site singlet correlation 〈Sic ·Si f 〉 reaches
its maximum value −3/4 in the absence of superlattice potential
(Vi = 0) for any value of the local coupling. As we increase the po-Fig. 4. The spin (a) and charge (b) structure factors of alkaline-earth fermionic atoms
in a superlattice potential at the charge-gapped antiferromagnetic state. The param-
eters are J = 3, V = 8, and the lattice size L = N = 96.
tential, the on-site singlet correlation decreases, due to the charge
redistribution in the system. After the critical potential, the on-site
singlet correlation is small, indicating that the connection between
the localized chain and the delocalized channel is very weak, and
we point out the fact that the charge-gapped antiferromagnetic
state is composed of a localized spin one-half chain in the anti-
ferromagnetic state plus delocalized atoms, forming a superlattice
structure with a two-site unit cell with empty and fully occupied
sites.
To reinforce the above argument, we calculate the charge struc-
ture factor
N(q) = 1
L
∑
j,k
eiq( j−k)〈n jnk〉, (5)
and also the spin structure factor
S(q) = 1
L
∑
j,k
eiq( j−k)
〈
STj · STk
〉
, (6)
where STj = S jc + S j f is the total spin.
In the Kondo insulator phase, the spin structure factor is a
smooth curve without any distinctive features, indicating that the
ground state is composed of local singlets. As we have one de-
localized atom per site, the charge structure factor shows a very
strong maximum at q = 0. In Fig. 4, we show the charge and spin
structure factors for alkaline-earth fermionic atoms in a superlat-
tice potential in the charge-gapped antiferromagnetic state ( J = 3,
V = 8). We observe that the spin structure factor S(q) is an in-
creasing function with a pronounced maximum at q = π , which
is consistent with the fact that the spin gap is zero and the lo-
calized atoms are in antiferromagnetic ordering (see Fig. 4(a)). The
charge gap [Fig. 4(b)] vanishes for all values of q except at q = 0
and q = π , indicating that we have a superlattice charge ordering,
characterized by empty and fully occupied sites.
The critical strength potential as a function of the local coupling
is shown in Fig. 5. We note that the dependence of the critical
strength potential Vc versus J is linear. This line divides the phase
diagram into two parts: the bottom, in which the system is in the
well-known Kondo insulator phase, and the top, where the system
is in the charge-gapped antiferromagnetic state.
Our results are related to the experimental ﬁndings of Sasakawa
et al. [33,34], who performed magnetic and transport measure-
ments on the so-called Kondo insulator CeRhAs. This material ex-
hibits a superlattice structure, and they observed anomalies in the
magnetic susceptibility that are consistent with a charge-density
646 J. Silva-Valencia et al. / Physics Letters A 377 (2013) 643–646Fig. 5. Phase diagram of alkaline-earth fermionic atoms in a superlattice potential.
The dependence of the critical points on the antiferromagnetic coupling is linear.
Below this line, we have a Kondo insulator state and above this a charge gap anti-
ferromagnetic state.
wave (CDW) transition; also the electric measurements suggested
the development of the gap in the electronic density of states. For
a ﬁxed local coupling and after the critical point, we obtained that
the ground state is charge gapped with the delocalized chain with
a CDW structure and decoupled of the antiferromagnetic chain;
we note that this fact is in harmony with experimental results, i.e.
superlattice structure in Kondo lattice systems leads to insulator
states with charge modulation.
4. Conclusions
The ground state of alkaline-earth fermionic atoms in an one-
dimensional optical superlattice was studied using the density ma-
trix renormalization group method. Considering that the number
of delocalized atoms matches the lattice size, we calculated the
charge and spin gaps as function of the strength potential for
several values of the local antiferromagnetic coupling. A quan-
tum phase transition was observed as the strength increases for
any value of the local coupling. This transition happens from the
Kondo insulator state characterized by local singlets to a charge-
gapped antiferromagnetic state, whose nature was revealed using
the charge and spin structure factors. For each local coupling, the
spin gap decreases with the strength potential and vanishes at a
ﬁnite value, which was considered to be the critical point. The
charge gap always increases with the potential; however, after the
critical point, its growth is almost linear. Finally, we remark that
the dependence of the critical point position as a function of the
local coupling is linear.Our results are important because we found a quantum phase
transition handled by an external potential, when the other pa-
rameters are ﬁxed, which can be used to design devices based on
these ﬁndings and the special characteristics of the alkaline-earth
atoms.
Acknowledgements
The authors are thankful for the support of Universidad Na-
cional de Colombia (DIB) and the Brazilian agency CNPq. Silva-
Valencia and Franco are grateful for the hospitality of the ICTP,
where part of this work was done.
References
[1] M. Lewenstein, et al., Adv. Phys. 56 (2007) 243.
[2] I. Bloch, J. Dalibard, W. Zwerger, Rev. Mod. Phys. 80 (2008) 885.
[3] P. Eckle, A.N. Pfeiffer, C. Cirelli, A. Staudte, R. Dörner, H.G. Muller, M. Büttiker,
U. Keller, Science 322 (2008) 5907.
[4] R. Jördens, N. Strohmaier, K. Günter, H. Moritz, T. Esslinger, Nature 455 (2008)
204.
[5] M. Greiner, O. Mandel, T. Esslinger, T.W. Hänsch, I. Bloch, Nature 415 (2002)
39.
[6] T. Fukuhara, Y. Takasu, M. Kumakura, Y. Takahashi, Phys. Rev. Lett. 98 (2007)
030401.
[7] A.J. Daley, M.M. Boyd, J. Ye, P. Zoller, Phys. Rev. Lett. 101 (2008) 170504.
[8] A.J. Daley, J. Ye, P. Zoller, Eur. Phys. J. D 65 (2011) 207.
[9] A.V. Gorshkov, et al., Nature Phys. 6 (2010) 289.
[10] K.I. Kugel, D.I. Khomskii, Sov. Phys. JETP 37 (1973) 725.
[11] S.R. Manmana, et al., Phys. Rev. A 84 (2011) 043601.
[12] H. Tsunetsugu, M. Sigrist, K. Ueda, Rev. Mod. Phys. 69 (1997) 809.
[13] N. Shibata, K. Ueda, J. Phys.: Condens. Matter 11 (1999) R1.
[14] M. Foss-Feig, M. Hermele, A.M. Rey, Phys. Rev. A 81 (2010) 051603.
[15] M. Foss-Feig, M. Hermele, V. Gurarie, A.M. Rey, Phys. Rev. A 82 (2010) 053624.
[16] J. Silva-Valencia, A.M.C. Souza, Eur. Phys. J. B 85 (2012) 5.
[17] J. Silva-Valencia, A.M.C. Souza, Phys. Rev. A 85 (2012) 033612.
[18] M. Snoek, I. Titvinidnze, I. Bloch, W. Hoffstetter, Phys. Rev. Lett. 106 (2011)
155301.
[19] S. Nascimbène, et al., Phys. Rev. Lett. 108 (2012) 205301.
[20] R. Jáuregui, N. Poli, G. Roati, G. Modugno, Phys. Rev. A 64 (2001) 033403.
[21] T. Yamashita, N. Kawakami, M. Yamashita, Phys. Rev. A 74 (2006) 063624.
[22] V.G. Rousseau, D.P. Arovas, M. Rigol, F. Hébert, G.G. Batrouni, R.T. Scalettar, Phys.
Rev. B 73 (2006) 174516.
[23] A. Dhar, T. Mishra, R.V. Pai, B.P. Das, Phys. Rev. A 83 (2011) 053621.
[24] B. Paredes, C. Tejedor, J.I. Cirac, Phys. Rev. A 71 (2005) 063608.
[25] S.R. White, Phys. Rev. Lett. 69 (1992) 2863.
[26] T. Roscilde, Phys. Rev. A 77 (2008) 063605.
[27] F. Schmitt, H. Markus, R. Roth, Phys. Rev. A 80 (2009) 023621.
[28] J. Silva-Valencia, E. Miranda, R.R. dos Santos, Phys. Rev. B 65 (2002) 115115.
[29] J. Silva-Valencia, E. Miranda, Phys. Rev. B 65 (2002) 024443.
[30] J. Silva-Valencia, J.C. Xavier, E. Miranda, Phys. Rev. B 71 (2005) 024405.
[31] N. Shibata, T. Nishino, K. Ueda, C. Ishii, Phys. Rev. B 53 (1996) R8828.
[32] H. Tsunetsugu, Y. Hatsugai, K. Ueda, M. Sigrist, Phys. Rev. B 46 (1992) 3175.
[33] T. Sasakawa, et al., Phys. Rev. B 66 (2002) 041103(R).
[34] K. Umeo, et al., Phys. Rev. B 71 (2005) 064110.
